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Abstract

The Kelvin–Helmholtz instability of phase-change interface during flow film condensation in vertical mini-diameter

tube was studied here by means of energy analysis. According to the interfacial boundary conditions, the film thinning

effect and the phase-change area enlarging effect by interfacial waves on heat transfer enhancement were analyzed for

flow condensation in tubes with different diameter. It is indicated that, in mini-diameter tube, more obvious heat

transfer enhancement due to interfacial waves can be expected than that in normal-sized tube, and the interfacial waves

enhance the heat transfer mainly by film thinning effect.

� 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Much more works have been done concerning lami-

nar film flow condensation in commercial tubes since the

earliest and classical work of Nusselt [1]. The revised

Nusselt models to take care the factors neglected by

Nusselt, such as variable wall surface temperature and

interfacial transport phenomena, have been examined in

more consistent base, and are remarkably successful to

predict the relevant parameters in most traditional in-

dustrial fields [2]. As concluded by Incropera and Dewitt

[3], the heat transfer enhancement of condensation af-

fected by phase-change interfacial waves is not more

than 20% if the shear stress between liquid and vapor

phase can be neglected, and the interfacial waves affect

only when Rel > 20–30. However, the development of

technology needs more compact and efficient heat ex-

changers in many applications, where the tube diameter

of heat exchangers is reduced to less than 3–5 mm,

named as mini-tube, such as for the automotive air

conditioners or life-support systems in space, and also,

the recent advances for the development of microme-

chanical systems. Rohsenow [4] had declared early in

1970 that, in such mini-tubes, the bending effect of

condensate film cannot be neglected, which void the

‘‘plate’’ approximations in Nusselt theory. Our previous

works [5–7] to study the flow condensation along small/

mini-diameter tube also indicate that the effect of surface

tension on condensation can no longer be neglected and

the shear stress on liquid–vapor interface has more im-

portant effect than gravity, even at small Reynolds

number. Surely, the increasing effect of shear stress and

surface tension will bring more obvious perturbation on

condensate film, and accordingly, will enhance the film

instability. It is therefore logical to deduce that the in-

terfacial waves may have more obvious effect on heat

transfer in mini-tube than that in ordinary sized tube. It

is the purpose of present work to investigate the be-

havior of interfacial wave and its influences on heat

transfer during flow film condensation in mini-tube.

According to Ramkrishna and Pattanayak [8], the

present paper assumes the amplitudes of the waves

growing due to the Kelvin–Helmholtz instability. Occur-

rence of finite amplitude capillary waves is responsible
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for such an appearance. The wavy interface and the

interfacial boundary conditions are treated by work or

energy analysis, based on which, the effects of interfacial

capillary waves on heat transfer characteristics of flow

film condensation in mini-tubes are analyzed.

2. Analysis on interfacial waving

The physical model for saturated vapor flowing at

temperature of Tsat and condensed on the cooled inside

wall surface of a vertical mini-tube, to form a conden-

sate film is shown in Fig. 1. The film was affected jointly

by gravity, shear stress on surfaces and surface tension

due to condensate film bending.

According to Kelvin–Helmholtz instability theory,

the amplitude of the waves can be promoted by the

suction force at the wave crest, developed as a result of

the Bernoulli effect. In addition, the capillary force

caused by film bending in axial direction can also en-

hance the waving. The capillary force caused by film

bending in radial direction will restrain the interface

waving. While the waves spread to the tube wall, the

enhancement of condensed film instability will be re-

stricted accordingly by capillary adhesion force between

the wall and the fluid. Thus, the interfacial waving be-

haviors should be established by the equilibrium of these

forces.

Assume: (a) The interfacial waves grow from the sta-

ble state of zero amplitude such that the cross-sectional

Nomenclature

A cross-sectional area, m2

cf friction factor

E energy per unit area in displacing wave crest,

J/m2

F force per unit area, N/m2

g gravitational acceleration, m/s2

hlv latent heat, J/kg

I0 Bessel function

k thermal conductivity of condensate film, W/

m �C
_mml liquid flux, kg/s

Nu Nusselt number, dimensionless

p pressure, Pa

Pr Prandtl number, dimensionless

r radius, or co-ordinate in radial direction, m

R radius of tube, m

Re Reynolds number, dimensionless

T temperature, �C
u velocity, m/s

x quality, dimensionless

y distance from tube wall, m

z co-ordinate in axial direction, m

z0 the intersecting position of interfacial waves

and tube wall, m

Greek symbols

a heat transfer coefficient, W/m2 �C

b the angle between wavy interface and tube

wall

d the film thickness, m

k wavelength, m

l viscosity, kg/m s

q density, kg/m3

ss surface tension, N/m

sd shear stress on interface, N/m2

f amplitude of wave, m

Superscript

– average value

Subscripts

0 initial value

B Bernoulli effect

E perturbation wavelength

l liquid

lv vapor–liquid interface

lw solid–liquid interface

s surface or saturation

sat saturation

v vapor

w tube wall

wave waving interface

Fig. 1. Physical model.
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area parallel to the axis of the liquid film under the wave

profile, Awave, remains constant during the growth of the

waves. (b) The pressure drop from the base to the top of

the liquid lump is small enough to be neglected. (c) The

axially symmetric wave profile can be expressed as co-

sine function, yðzÞ ¼ d ¼ ds þ f cosðð2p=kÞzÞ, where ds is

the stable film thickness, f and k are the amplitude and

wavelength. (d) The film thickness ds is thought to be

constant in range of wavelength.

As the wave grows with a constant average cross-

sectional area, the radius of curvature at the crest be-

comes smaller, and the capillary force caused by film

bending in radial direction increases gradually. The

Bernoulli suction force also increases due to the nar-

rowing of gas flow passage. Then, the work generated or

energy involved, EðyÞ, by the capillary force, Fs, Ber-
noulli force, FB, and also, the possible adhesion force on

tube wall, Fw, in displacing the wave crest, can be ob-

tained as

EðyÞ ¼
Z y�d

0

½FBðfÞ � FsðfÞ�df;

for f < d and d6 y6 2d ð1aÞ

EðyÞ ¼
Z y�d

0

½FBðfÞ � FsðfÞ�df � 2

Z y�d

d
FwðfÞdz0;

for f > d and 2d6 y6R ð1bÞ

among which z0 is the intersecting position of interfacial

waves and tube wall. Refer to Fig. 1, yðzÞ ¼ ds þ
f cosðð2p=kÞzÞ approximates to 0 at z ¼ z0 if f > ds. For

such a case, the condensate film would break and the

phenomenon of ‘‘liquid bridge’’ might be developed. z0
is thereby given as

z0 ¼
k
2p

cos�1

�
� ds

f

�
ð2Þ

where k ¼ kE, Awave ¼ dkE for f6 ds; or Awave ¼R z0
�z0

yðzÞdz for f > ds, then,

k ¼ Awave

�
ds

p
cos�1

��
� ds

f

�
þ f

p
sin cos�1

��
� ds

f

��	
ð3Þ

So, z0 can be expressed as a function of f. Differentiating

z0 with respect to f, we obtain

dz0 ¼
1

2p
dk
df

cos�1

�2
64 � ds

f

�

þ k
2p

�1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2=f2

q ds

f2

� �375df ð4Þ

in which dk=df can be determined from differentiating

Eq. (3).

As long as the total energy provided by suction force

is greater than that required for working against capil-

lary forces, EðyÞ remains positive so that the wave crest

will continue to grow up, which indicates that the system

has enough energy to enhance the film instability.

However, as EðyÞ < 0, the crest starts reverting and the

system does not acquire the ability to maintain interface

waving increasingly. So, EðyÞ ¼ 0 means the minimum

energy state of the system and the most possible state of

the waving interface as there is no more residual energy

in displacing wave crest.

The parameters in Eqs. (1a) and (1b) are calculated

as follows:

Because the wavelength is much smaller than the tube

length, the pressure drop within the respect of order of

wavelength can be neglected, i.e. pa ¼ pb in Fig. 1. Ac-

cording to assumption (b), pb is equal to the wave crest

pressure, we can thus induce from Bernoulli equation:

FBðfÞ ¼ pb � pc

¼ qv

2
ð�uuv � �uulÞ2

R� ds

R� ds � f

� �4
"

� 1

#
; ð5Þ

where �uuv and �uul are the average velocity of liquid and

vapor phases respectively.

By the well-known Young–Laplace equation, we

have the interfacial force on condensate film surface as

FsðfÞ ¼ �rlv

1

rlv;1

�
þ 1

rlv;2

�
ð6Þ

with

1

rlv;1
¼ 1

R� ds � f
;

1

rlv;2
¼ y00

ð1þ y02Þ3=2 z¼0

���� ¼ � f
4p2

k2

and the adhesion force on the wall surface as

FwðfÞ ¼ �rlv cos b
1

rlw;1

�
þ 1

rlw;2

�
ð7Þ

where b is the angle between wavy interface and tube

wall, i.e. tgb ¼ y0jz¼z0
, 1=rlw;1 ¼ 1=R, 1=rlw;2 ¼ y00ð1þ

y02Þ3=2jz¼z0
; y is the position of waving interface as shown

in Fig. 1.

The condensate film thickness, ds, and average ve-

locity of liquid and vapor phases, �uuv and �uul are predicted
by the following model of flow condensation with

smooth vapor–liquid interface.

3. Modeling of flow condensation in vertical mini-tube

3.1. Mathematical model

For the typical case f ! 0, d ! ds, the inertia term in

momentum equation and convective term in energy
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equation of liquid phase are both negligible-, we can

express the mathematical model of flow condensation in

vertical mini-tube as:

3.1.1. Momentum equation of condensate film

1

r
o

or
rl

oul
or

� �
� dPl

dz
þ qlg ¼ 0 ð8Þ

with boundary conditions: r ¼ R, ul ¼ 0;

r ¼ R� d; �l
oul
or

¼ sd ð9Þ

sd denotes the shear stress on vapor–liquid interface.

3.1.2. Energy equation of condensed film

2pkðTs � TwÞ
lnðR=ðR� dÞÞ ¼

d _mmlz

dz
hlv ð10Þ

where _mmlz is the liquid flux at z, and hlv is the latent heat
of vapor.

3.1.3. Continuity equation

_mmlz þ _mmvz ¼ _mmv0 ð11Þ

3.2. Solution of the model

3.2.1. Velocity field in liquid film

Combined Eq. (8) and the boundary conditions, Eq.

(9), yields:

ul ¼
1

2l
dpl
dz

�
� qlg

�
r2 � R2

2

�
� ðR� dÞ2 ln r

R

�

� sdðR� dÞ
l

ln
r
R

ð12Þ

3.2.2. Mass flux of liquid film

_mmlz ¼
Z R

R�d
2prqlul dr ð13Þ

From energy equation of condensate film, we can obtain

another expression of mass flux:

_mmlz ¼
1

hlv

Z z

0

2pkðTs � TwÞ
lnðR=R� dÞ dz ð14Þ

3.2.3. Average velocity of vapor flow

uzv ¼ ðpR2qvuv0 � _mmzzlÞ=½pðR� dÞqv�

¼ R2

ðR� dÞ2
uv0 �

_mmlz

pðR� dÞ2qv

ð15Þ

3.2.4. Pressure drop

dpv
dz

¼ qvg �
2sd

R� d
ð16Þ

In small/mini-diameter tube, the bend of liquid film

along axial direction cannot be neglected [4]. A force

balance for the curved vapor–liquid interface gives,

pv � pl ¼
rlv

R� d
ð17Þ

Differentiating with Eq. (17) respect to z, yields the

pressure drop of liquid film as

dpl
dz

¼ qvg �
2sd

ðR� dÞ þ
rlv

ðR� dÞ2
dðR� dÞ

dz
ð18Þ

3.2.5. Shear stress on vapor–liquid interface sd

sd ¼ � cf
2

qvðuvz � ulzÞ2 þ
1

2pðR� dÞ
d _mmlz

dz
ðuvz � ulvÞ ð19Þ

where the calculation of friction factor cf can refer to [9].

Eqs. (12)–(19) can be solved numerically. At a given

axial location, z, the film thickness ds is calculated, and

in turn, the values of system quality, x, liquid Reynolds

number, Rel, and average velocity of condensate film, �uul,
are calculated as:

x ¼ mv0 � mlz

mv0

; Rel ¼
4mlz

llpD
; �uul ¼

mlz

qlp½R2 � ðR� dÞ2�
:

With smooth vapor–liquid interface, the Nusselt

number of condensation heat transfer at every step is

obtained by

Nu ¼ 2

ln½R=ðR� dÞ� ð20Þ

4. Influence of interfacial waves on heat transfer

Generally speaking, the interfacial wave enhances the

heat transfer by three kinds of effects [10,11]: the film

thinning effect, the convection effect and the phase-

change area enlarging effect. Miyara [10] indicates that,

for low Prandtl number of liquid film, Pr < 10, and low

liquid Reynolds number, the convection effect can be

neglected. Therefore, we focus here on the other two

kinds of effects, as follows:

For every step Dz, following the hypothesis of

smooth interface, at first, we determine the in situ film

thickness dðzÞ and the average velocity of liquid and

vapor phases. The selection of perturbation wavelength

kE will be introduced later. Utilizing the work analysis

method introduced in Part 1, the in situ interfacial

boundary conditions can be acquired. The interfacial
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waves make the film thickness varying periodically in

range of the wavelength. At the same time, the waves

enlarge the phase-change area. Therefore, the conden-

sation heat transfer coefficient is yielded as:

awave ¼
1

kE

Z kE

0

k
R ln R

R�yðzÞ
ds ð21Þ

where k is the thermal conductivity of condensate film,

ds ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y 0 2

p
dz is the elementary area of waving in-

terface. At different time, the condensate film thickness

varies as yðzÞ ¼ dsðzÞ þ f cosðð2p=kEÞzÞ. Hence, the

Nusselt number with interfacial waves will be

Nuwave ¼
2awaveR

k
ð22Þ

5. Results with discussion

Typical numerical analysis are made for illustrating

the transport phenomena for saturated vapor flow in

vertical mini-tubes with different diameters, and the re-

sults are compared to that in a tube of 6 mm i.d. with

same inlet vapor Reynolds number Rev0 ¼ 2200. The

typical temperature drop between the vapor and wall

surface is taken as DT ¼ 5 �C. Three different gravity

environments, g ¼ 0, 9.81 m/s2 (vapor flow downward)

and g ¼ �9:81 m/s2 (vapor flow upward), are taken into

consideration.

The two-phase flow system with smooth phase-

change interface in its unsteady equilibrium, and corre-

spondingly, the abilities to produce wave with increasing

amplitude are analyzed. Once the interface begins to

wave, the suction forces increase at first, due to the

narrowing of vapor flow passage, which promotes the

waving. Subsequently, the surface tension that restrains

the interfacial waves increases gradually. The combined

effect of the forces tends to make the wavy interface

realizing a somewhat new equilibrium for EðyÞ ¼ 0. Fig.

2 shows the plots of EðyÞ versus the non-dimensional

distance of wave crest, ðy � dsÞ=R, from the stable in-

terface for different tube diameters and gravity envi-

ronments. At the same inlet vapor Reynolds number,

Rev0, decreasing tube diameter will increase vapor ve-

locity, and thus enlarge the velocity difference between

vapor and condensate film, which results in enhancing

the phase-change interface instability due to Bernoulli

effect. In addition, it can be deduced from Eq. (5), that,

while ½ð1=rlv;1Þ þ ð1=rlv;2Þ� > 0, the smaller the tube di-

ameter, the more the obvious effect of capillary force

FsðfÞ on improving condensate film instability.

It is clear from Fig. 2 that, for the same tube diam-

eters, the film instability will be enhanced by upward

vapor flow and microgravity environment as compared

with downward vapor flow. This phenomenon can be

explained from the enlarging effect of vapor–liquid ve-

locity difference for vapor flow upward, which restrains

the improvement of condensate velocity, and hence,

enhances film instability due to Bernoulli effect. Also,

the thicker condensate film in such environments de-

creases the interface radius, leads to more obvious effect

of capillary force, FsðfÞ, on improving condensate film

instability. However, it would be obvious that, de-

creasing the tube diameter will weaken the effect of

gravity, and therefore, as illustrated in Fig. 2, the dif-

ference in film instability due to different gravity envi-

ronments should be weakened accordingly in small/

mini-diameter tubes.

The influence of tube wall capillary force on con-

densate film instability is shown in Fig. 3. Without

consideration of capillary force, Fw, on tube wall, the

energy involved in displacing wave crest can be always

positive and increased with increasing the non-dimen-

sional distance of wave crest, which means that the wave

amplitude can continue to grow up until a complete

bridging is formed. If the surface tension on tube wall is

taken into consideration, Fw 6¼ 0, the energy EðyÞ will

Fig. 2. Influence of tube diameters and gravity with the same

vapor quality and wavelength.

Fig. 3. Influence of tube wall capillary force (�: without con-

sideration of tube wall capillary force; 
: with consideration of

tube wall capillary force).
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decrease sharply while the wave spreads to the tube wall,

i.e. ðy � dÞ=d ¼ 1, and hence, the condensate film is hard

to be broken due to the possible action of adhesion.

Fig. 4 shows the energy involved to increase the

amplitude varies for different vapor qualities, x. The

interfacial waves become increasingly enhanced with

decreasing the vapor quality, x, or with increasing liquid

Reynolds number Rel along the flow path. The thickened

condensate film leads to increase the bending effect of

liquid–vapor interface along axial direction, so that the

influence of capillary force FsðfÞ on the interface pro-

motes the interface waving obviously. Besides, from Eq.

(5), a thicker liquid film causes the interfacial waves

more sensitive to the Bernoulli effect. All these coupled

effects would increase the film instability.

Fig. 5 illustrates that the perturbation wavelength has

a little complex effects on condensate film instability. As

y < 2d, increasing perturbation wavelength, kE, will in-

crease the radius of curvature at wave crest, which may

lead to ½ð1=rlv;1Þ þ ð1=rlv;2Þ� > 0, and therefore, the cap-

illary force FsðfÞ becomes the factor to enhance film

instability. However, while the interfacial wave spreads

to the tube wall, the increasing wavelength will decrease

the intersection degree between condensate film and

solid wall, b. According to Eq. (6), the adhesion force,

FwðfÞ, is thus increased, which restricts rising trend of

the wave. It is shown in Fig. 5 that, EðyÞ increases with
increasing wavelength as y < 2d. As y > 2d, EðyÞ may

decrease sharply while the wavelength increases over a

threshold value. This may conclude that the wavy in-

terface has selectivity to perturbation wavelength. Only

wavelength in a certain range can lead to breakup of

condensate film, which needs to be further analyzed.

In fact, the perturbation wavelength, kE, is related to

tube diameter and flow conditions during condensation.

One can follow Ramkrishna and Pattanayak [8] to ob-

tain

ð�uuv � �uulÞ2

I 00ð2prI=kEÞ
I0ð2prI=kEÞqv ¼ rlv ð23Þ

where I0 is the Bessel function, and rI ¼ R� ds is the

initial position of phase-change interface.

Fig. 6 shows the comparison for Nusselt number of

flow film condensation heat transfer with or without the

consideration of interfacial waves in a vertical tube of

2.80 mm i.d. Even as the liquid Reynolds number, Rel, is
as low as to 30, the enhancement of heat transfer due to

interfacial waves is still to be feasible. To the present

analyzed example, in spite of the small liquid Reynolds

number, the maximum heat transfer enhancement may

be up to 20%. This means in mini-diameter tube, for

specified inlet Reynolds number, Rel, the decrease of

tube diameter not only increases the vapor velocity, but

also exacerbates the bending of condensed film, and as a

result, leads to increase the instability of liquid film, so

that the influence of interface waving becomes obvious.

Fig. 7 shows that neglecting the phase-change area

enlarging effect due to the interfacial waves hardly

has effect on flow condensation heat transfer. The re-

sults indicate that, at least in range of low liquid film

Reynolds number, the film thinning effect due to the

interfacial waves will dominate the heat transfer en-

hancement.

Fig. 4. Energy involved in displacing the wave crest for differ-

ent vapor qualities.

Fig. 5. Influence of the wavelength.

Fig. 6. Influence of interfacial waves (d ¼ 2:80 mm) (––) with

and (- - -) without consideration of interfacial waves.
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The Nusselt number for flow film condensation in

vertical tube of 6 mm i.d. is shown in Fig. 8. As com-

pared to that in tube of 2.80 mm i.d. under same inlet

vapor Reynolds number, Rev0 ¼ 2200, the vapor velocity

decreases, and hence, the Bernoulli effect is weakened.

Also, the larger the tube diameter, the bending effect of

condensate film decreases, and thus reduces the effect of

capillary forces on interfacial waves. Therefore, the in-

fluence of interfacial waves on flow condensation heat

transfer is obviously decreased in 6 mm i.d. tube.

6. Conclusions

Work or energy analysis has been adopted to exam-

ine the behavior of wavy interface and its influences on

heat transfer for flow film condensation in a vertical

mini-tube. The results can be concluded as follows:

(1) The decreasing tube diameter, gravity and quality

would increase the instability of the film, while the

capillary force on tube wall will stabilize the conden-

sate film, the film will become instable only for a cer-

tain range of perturbation wavelength.

(2) As tube inside diameter decreased to below about 3

mm, interfacial waves can appear even at very low

film Reynolds number, Rel, even less than 30. More

obvious heat transfer enhancement due to the effect

of interfacial waving can be obtained in mini-tube

than in normal commercial tube.

(3) In mini-diameter tube, the interfacial waves enhance

the heat transfer mainly by film thinning effect, the

heat transfer enhancement due to the enlarging in-

terfacial area does not play important role.
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